Abstract. In this paper we explore inequalities between symmetric homogeneous polynomials of degree four of three real variables and three nonnegative real variables. The main theorems describe the cases in which the smallest possible coefficient is not expressed by the other coefficients. The problem is resolved by introducing a parametric representation.
Introduction
In recent years, inequalities between symmetric homogeneous polynomials are studied in several articles [1] - [10] . We will explore the inequality x 4 + y 4 + z 4 + a(xy 3 + yz 3 + zx 3 + x 3 y + y 3 z + z 3 x) + b(x 2 y 2 + y 2 z 2 + z 2 x 2 )+ + c xyz(x + y + z) ≥ 0, where a, b, c are real constants, and x, y, z are real variables or nonnegative real variables. The proof of the main theorem 3 in this paper is structured by setting of auxiliary functions (2) , lemma 4 and the representation (7) . For brevity we will denote the main symmetric homogeneous polynomials of degree four w 4 = x 4 + y 4 + z 4 , w 3 = x 3 y + y 3 z + z 3 x + xy 3 + yz 3 + zx 3 , w 2 = x 2 y 2 + y 2 z 2 + z 2 x 2 w 1 = xyz(x + y + z) and the inequality is written in the form f (x, y, z) = w 4 + aw 3 + bw 2 + cw 1 ≥ 0.
In Section I we find b min such that the inequality f (x, y, z) = w 4 + aw 3 + bw 2 + cw 1 ≥ 0 holds for arbitrary x, y, z ∈ R if and only if when b ≥ b min .
In the particular case a = − 
When a = − 1 2 and c ≥ −a 2 − 2a we introduce the rational functions:
b(t) = t 4 + (a + 4)t 3 + (5a + 4)t 2 + 4(a + 1)t + 2a + 2 −(2t + 1) and we will explore the different cases about the parameter a when the rational function c(t) always takes values in the interval [−a 2 − 2a ; +∞).
When −2 ≤ a < − 1 2 and t ∈ (− 1 2 ; −a − 1] the continuous function c(t) is monotone decreasing and +∞ = c(−
Let us set
When a > 4 we obtain two intervals t ∈ [−a − 1 ;
The function c(t) is monotone increasing and
When a < −2 we obtain again two intervals: 
Theorem 3. When a = − 1 2 and c ≥ −a 2 − 2a in the following four cases:
the inequality f (x, y, z) = w 4 + aw 3 + bw 2 + cw 1 ≥ 0 holds if and only if when b ≥ b(t).
For the proof of this theorem 3 and theorem 7 below we will use the following known statement.
Lemma 4. For arbitrary real numbers X, Y and Z the inequality
holds if and only if when −1 ≤ k ≤ 2.
Section II. We will explore the inequality
where a, b, c are real constants and x, y, z are nonnegative real variables.
Lemma 5. To be true the inequality (5) Remark. According to ([4] , Theorem 2.6) the inequality (5) is true also when a < −1,
When a < −1 and b ≤ a 2 − 1 we will describe the different cases about the parameter a again with the rational function b(t) and c(t), defined by (2) .
When −2 ≤ a < −1 and t ∈ [0; −a − 1] the rational function b(t) is monotone increasing and takes values in the intervala [−2(a + 1) ;
When −4 < a < −2 there are two intervals for t. 
Theorem 7. In the three cases: (7.1.) −2 ≤ a < −1 and t ∈ [0 ; −a − 1] ; (7.2.) −4 < a < −2 and t ∈ [0 ; t 1 ] ∪ [−a − 1 ; t 2 ]; (7.3.) a ≤ −4 and t ∈ [−a − 1 ; t 2 ] the inequality f (x, y, z) = w 4 + aw 3 + b(t)w 2 + cw 1 ≥ 0 holds if and only if when c ≥ c(t). When c = c(t) we have f (t, 1, 1) = f (1, t, 1) = f (1, 1, t) = 0.
Proves of Theorems Section I (real variables)
Remark. In the proves we have in mind that the following basic symmetric homogeneous polinomial inequalites of degree four of three real variables are true: 2w 4 ≥ w 3 , w 4 ≥ w 2 ≥ 0 , w 2 ≥ w 1 and w 2 + 2w 1 ≥ 0.
Proof of Theorem 1.
The necessity follows from 0 ≤ f (1, 1, 1) = 3 + 6a + 3b + 3c, i.e. b ≥ −2a − c − 1. The sufficiency follows from the relation
where u = (x − y)(x + y + az) and v = (x − z)(x + z + ay).
Remark. When a = −1, c = −a 2 − 2a = 1 and b = −2a − c − 1 = 0 we obtain the famous inequality of I. Schur [11] , w 4 + w 1 ≥ w 3 .
Proof Theorem 2. 
we have
Before the proof of Theorem 3 we will prove Lemma 4.
Proof of Lemma 4.
From g(1, 1, 1) = 3 + 3k ≥ 0 and from g(1, −1, 0) = 2 − k ≥ 0 it follows that −1 ≤ k ≤ 2.
Proof of Theorem 3. Necessity.
. Sufficiency follows from the identity:
Having in mind Lemma 4 it remains to check that −1 ≤ k ≤ 2 for the different cases.
When a = −2 and t ∈ (− 1 2 ; −a − 1) ⇒ k = 2t ∈ (−1; 2).
Remark. The case t = 1 is possible only if a = −2 ⇒ b(1) = 3, c(1) = 0 and
(3.4) Case: a < −2 and t ∈ − 1 2 ;
When t ∈ [−a − 1 ; t 2 ] ⇒ t > 1, t + a + 1 ≥ 0 and again
Remark. The function b(t) is not monotone, e.g. 
Analogously when a = 19 4 , t = −1 and t = −4 we obtain the inequalities: 
